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In θ-expanded approach, we expand the noncommutative quantum electrodynamics action to θ2 order
and calculate the one loop divergent corrections to gauge ﬁeld propagators. It is shown that the gauge
ﬁeld propagators are one loop renormalizable at θ2-order with a massive or massless fermion ﬁeld.
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Field theories on noncommutative space were suggested long
time ago by Snyder [1] to ﬁnd a natural cutoff for the loop inte-
grals in quantum ﬁeld theories. Recently, due to the development
of string theories, noncommutative ﬁeld theories have been stud-
ied extensively [2–5]. The noncommutative space is deﬁned as
follows:[
xˆμ, xˆν
]= iθμν, (1)
where xˆμ are generators of the noncommutative space and θμν
are real antisymmetric constants. From results of noncommuta-
tive geometry, the algebra (1) can be represented by the algebra of
functions on ordinary space with deformed multiplication, Moyal–
Weyl product [6], which is deﬁned as
f (x)  g(x) = exp
(
i
2
θμν
∂
∂xμ
∂
∂ yν
)
f (x)g(y)
∣∣∣∣
y−>x
. (2)
Field theories on noncommutative space can be obtained by
replacing ordinary product between ﬁelds with the Moyal–Weyl
product. Then the noncommutative effects can be explored by
the usual perturbative method. One special noncommutative ef-
fect is the nonplanar graph which leading the phenomena of UV/IR
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be discussed in this approach. But for general noncommutative
gauge theories, the Moyal–Weyl product makes the noncommu-
tative gauge ﬁelds cannot close in gauge algebras. The noncommu-
tative gauge ﬁelds should be enveloping-algebra valued [10]. The
expansion of noncommutative gauge ﬁelds in enveloping algebra
can be determined by Seiberg–Witten map [5]. Seiberg and Wit-
ten have argued that there is a mapping between noncommutative
gauge theories and ordinary gauge theories based on their research
in string theory. The noncommutative ﬁelds can be expanded by
ordinary ﬁelds in powers of θμν . From the Seiberg–Witten map,
one can obtain a θ -expanded action and consider the noncommu-
tative effects order by order in θ . In this θ -expanded approach,
all gauge theories can be discussed. Obviously, one can study the
renormalizability of noncommutative gauge theories in this ap-
proach.
Renormalizability of noncommutative gauge theories in θ -
expanded approach have been discussed in many papers [11–14].
It is shown that the pure noncommutative U(1) gauge propagator
is one loop renormalizable to all orders in θ [11]. For pure non-
commutative SU(N) theory, the gauge propagators are renormaliz-
able at the ﬁrst order in θ [14]. But when matter ﬁelds appear, the
renormalizability of the gauge theories become complicated prob-
lems, which are still not completely solved. In noncommutative
U(1) Higgs–Kibble model, the gauge sector is one loop renormal-
izable at ﬁrst order in θ no matter whether the gauge symmetry
is spontaneously broken or not [16], but the whole θ -order renor-
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for fermion ﬁelds. In noncommutative quantum electrodynamics
(QED), the gauge sector is one loop renormalizable at ﬁrst order
in θ [12,15], and a four fermions term can not be renormalizable
by ﬁeld redeﬁnitions.
As it is argued in [16], the renormalizability of gauge sector is
very surprising when matter ﬁelds appear. If the gauge sector can
be renormalized to all order in θ , we may expect that there are
new symmetries in these noncommutative gauge theories, which
make the gauge sector be renormalizable. Then we can modify the
matter sector according these new symmetries so that the whole
theory becomes renormalizable. But in order to achieve these, we
should ﬁrst prove that the gauge sector is renormalizable to all
orders in θ when matter ﬁelds exist. In this direction, the one-
loop UV-divergent matter contributions to gauge sectors have been
computed in Ref. [17] using path integral method for noncommu-
tative ﬁelds. In this Letter, using the θ -expanded approach, we
expand the noncommutative QED action to θ2-order by Seiberg–
Witten map, and calculate all the divergent fermionic contributions
to gauge ﬁeld propagators up to θ2-order. It is shown that these
divergent terms can be renormalized by ﬁeld redeﬁnitions. When
one only considers contributions from action of θ -order, there are
non-renormalizable gauge ﬁeld divergent terms involving fermion
mass [12]. Because the divergent gauge ﬁeld contributions to the
gauge ﬁeld propagators are renormalizable [11], we can conclude
that the gauge ﬁeld propagators are one loop renormalizable to
θ2-order in noncommutative QED. We have more conﬁdence in
the renormalizability of the gauge propagators to all orders in θ in
noncommutative QED. In Section 2, we give the θ2 order noncom-
mutative QED action using the Seiberg–Witten map. In Section 3,
we calculate the divergent contributions to the gauge ﬁeld propa-
gator and Section 4 is for the conclusion.
2. θ2-order action
The QED action on noncommutative space is
S = −1
4
∫
d4x Fˆμν  Fˆ
μν +
∫
d4x ˆ¯ψ  (i/ˆD −m)ψˆ, (3)
where  is Moyal–Weyl star product. The NC covariant derivative
Dˆμψˆ and the noncommutative U(1) gauge ﬁeld strength Fˆμν are
deﬁned as
Dˆμψˆ = ∂μψˆ − i Aˆμ  ψˆ, (4)
Fˆμν = ∂μ Aˆν − ∂ν Aˆμ − i[ Aˆμ, Aˆν ]. (5)
According to Seiberg–Witten map, one can express the NC ﬁelds
ψˆ, Aˆμ using ordinary QED ﬁelds ψ,aμ . In order to get the θ2-order
action, one should express the NC ﬁelds to θ2-order, which are
given by [18]
Aˆα = aα + 1
2
θμν(aμ fαν − aμ∂νaα)
+ 1
2
θμνθκλ( fκμ fανaλ + aμaκ∂λ fνα − aλ∂κaμ∂νaα), (6)
ψˆ = ψ − 1
2
θμνaμ∂νψ
+ 1
16
θμνθκλ
(
∂μaλ∂κaνψ − 2i∂μaκ∂ν∂λψ + 4aμ∂νaκ∂λψ
+ 2aμaκ∂λ(Dνψ) + 2aμ fνκ∂λψ
)
, (7)
where fμν = ∂μaν − ∂νaμ is the usual U(1) gauge ﬁeld strength
and Dνψ = ∂νψ − iaνψ is the usual covariant derivative of fermion
ﬁeld ψ .Then plugging the above results (6) and (7) into (3), one can
get the action to θ2 order as follows:
S = S0 + S1 + S2,a + S2,ψ , (8)
where
S0 =
∫
d4x
[
ψ¯ iγ αDαψ −mψ¯ψ − 1
4
fμν f
μν
]
, (9)
S1 = −1
2
θμν
∫
d4x
[
fαμψ¯ iγ
αDνψ + fαμ fβν f αβ
+ 1
2
fμν
(
ψ¯ iγ αDαψ −mψ¯ψ − 1
2
fαβ f
αβ
)]
, (10)
S2,a = 1
4
θμνθκλ
∫
d4x
[
2 fαμ fβλ fνκ f
αβ − fαμ fβν f ακ f βλ
+ fκλ fαμ fβν f αβ + 1
4
fμκ fνλ fαβ f
αβ
− 1
8
fμν fκλ fαβ f
αβ
]
, (11)
S2,ψ = 1
16
θμνθκλ
[
fμλ fνκ ψ¯ iγ
αDαψ + 1
2
fμν fκλψ¯ iγ
αDαψ
+ 2 fμν fακψ¯ iγ αDλψ + 6 fαμ fνκ ψ¯ iγ αDλψ
+ 2∂μ fακψ¯γ αDλ(Dνψ) + ∂μ fκλψ¯γ αDν(Dαψ)
−m
(
1
2
fμν fκλ − fμκ fνλ
)
ψ¯ψ +m∂μ fκλψ¯ iDνψ
]
. (12)
3. One-loop divergent terms
In this section, we calculate the divergent contributions to the
U(1) gauge ﬁeld propagator at one-loop level. These contributions
come from two sectors, the gauge sector and fermionic ﬁeld sector.
Because the gauge sector is renormalizable, we just consider the
fermionic contributions. To carry out the calculation, we consider
terms in the action (8) quadratic in ψ . These terms can be written
as
S(2)ψ = ψ¯
(
B(0,0) + B(0,1) + B(1,1) + B(1,2)
+ B(2,1) + B(2,2) + B(2,3))ψ, (13)
where B(m,n) are terms containing m factors of θ and n factors
of aμ .
From the action (8), we can obtain
B(0,0) = i/∂ −m, (14)
B(0,1) = /a, (15)
B(1,1) = −1
2
θμν
(
iγ α fαμ∂ν + i
2
fμν/∂ − m
2
fμν
)
, (16)
B(1,2) = −1
2
θμν
(
γ α fαμaν + 1
2
fμν/a
)
, (17)
B(2,1) = 1
16
θμνθκλ
(
2γ α∂μ fακ∂λ∂ν
+ 2∂μ∂κaλ∂ν/∂ + im∂μ fκλ∂ν
)
, (18)
B(2,2) = 1
16
θμνθκλ
[
i fμλ fνκ/∂ + i
2
fμν fκλ/∂ + 2i fμν fακγ α∂λ
− 2i∂μ fακγ α(∂λaν + aν∂λ + aλ∂ν)
−m
(
1
fμν fκλ − fμκ fνλ
)
2
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+m∂μ fκλaν
]
, (19)
B(2,3) = 1
16
θμνθκλ
(
fμλ fνκ/a + 1
2
fμν fκλ/a + 2 fμν fακγ αaλ
+ 6 fαμ fνκγ αaλ − 2∂μ fακγ αaλaν
− 2∂μ∂κaλaν/a
)
. (20)
Integrating over ψ¯,ψ , we can obtain the contributions to the ef-
fective action Γ (1) ,
eiΓ
(1) =
∫
Dψ¯ Dψ exp
(
i
∫
d4x ψ¯
∑
m,n
B(m,n)ψ
)
= det
(∑
m,n
B(m,n)
)
. (21)
Then the effective action can be written as
iΓ (1) = lndet(B(0,0) + B(0,1) + B(1,1) + B(1,2)
+ B(2,1) + B(2,2) + B(2,3))
= Tr ln(B(0,0) + B(0,1) + B(1,1) + B(1,2)
+ B(2,1) + B(2,2) + B(2,3))
= Tr ln(I − im−1/∂ +−1(B(0,1) + B(1,1) + B(1,2)
+ B(2,1) + B(2,2) + B(2,3))i/∂)+ Tr ln− Tr ln(i/∂), (22)
where = −∂2. The last two terms are inﬁnite constants and can
be ignored in the effective action. The contribution term to the
effective action is the ﬁrst term in the ﬁnal equation. We can cal-
culate it by power expansion
Tr ln
(I − im−1/∂ +−1(B(0,1) + B(1,1) + B(1,2)
+ B(2,1) + B(2,2) + B(2,3))i/∂)
= Tr
( ∞∑
n=1
(−1)n+1
n
(
−1 − im/∂ +∑
j,k
−1B( j,k)i/∂
)n)
. (23)
Using the above equation, we can calculate the divergent contribu-
tions to the gauge ﬁeld propagators. For n = 1, Tr(−1B(2,2)i/∂) = 0.
The nonvanishing terms from the n = 2 case are:
Tr
(−1B(0,1)i/∂−1B(0,1)i/∂)
= i
(4π)2
2

∫
d4k
(2π)4
a˜μ(−k)a˜ν(k)4
3
(
k2gμν − kμkν
)
, (24)
Tr
(−1B(1,1)i/∂−1B(1,1)i/∂)
= i
(4π)2
2

∫
d4k
(2π)4
θμνθκλa˜ν(−k)a˜λ(k)
(
−1
2
m2k2kμkκ
)
,
(25)
Tr
(−1B(0,1)i/∂−1B(2,1)i/∂ +−1B(2,1)i/∂−1B(0,1)i/∂)
= i
(4π)2
2

∫
d4k
(2π)4
θμνθκλ
[
a˜α(−k)a˜β(k)
(
k2gαβ − kαkβ
)
× 1
24
gνλk
2kμkκ − a˜ν(−k)a˜λ(k)
(
1
60
k4kμkκ
)]
. (26)
For n = 3, the divergent terms are as follows:Tr
[(−im−1/∂)(−1B(0,1)i/∂)(−1B(2,1)i/∂)]A.
= i
(4π)2
2

∫
d4k
(2π)4
θμνθκλa˜ν(−k)a˜λ(k)
(
−1
4
m2k2kμkκ
)
,
(27)
Tr
[(−im−1/∂)(−1B(1,1)i/∂)(−1B(1,1)i/∂)]A.
= i
(4π)2
2

∫
d4k
(2π)4
θμνθκλa˜ν(−k)a˜λ(k)
(
−3
2
m2k2kμkκ
)
,
(28)
where [ABC]A. means the sum of all inequivalent arrangements of
ABC . For n = 4 case, the divergent contributions are
Tr
[(−im−1/∂)3(−1B(2,2)i/∂)]A.
= i
(4π)2
2

∫
d4k
(2π)4
θμνθκλa˜ν(−k)a˜λ(k)
(
2m4kμkκ
)
, (29)
Tr
[(−im−1/∂)2(−1B(0,1)i/∂)(−1B(2,1)i/∂)]A.
= i
(4π)2
2

∫
d4k
(2π)4
θμνθκλ
×
[
a˜α(−k)a˜κ (k) 1
12
m2k2(gνλkμkα − gανkμkλ)
+ a˜α(−k)a˜ρ(k)
×
(
−1
4
gαρ gνλm
2k2kμkκ + 1
6
gνλm
2kαkρkμkκ
)]
, (30)
Tr
[(−im−1/∂)2(−1B(2,1)i/∂)(−1B(0,1)i/∂)]A.
= i
(4π)2
2

∫
d4k
(2π)4
θμνθκλ
×
[
a˜α(−k)a˜κ (k) 1
12
m2k2(gνλkμkα + gανkμkλ)
+ a˜α(−k)a˜ρ(k)
×
(
−1
4
gαρ gνλm
2k2kμkκ + 1
6
gνλm
2kαkρkμkκ
)
+ a˜ν(−k)a˜λ(k)
(
1
6
m2k2kμkκ
)]
, (31)
Tr
[(−im−1/∂)(−1B(2,1)i/∂)(−im−1/∂)(−1B(0,1)i/∂)]A.
= i
(4π)2
2

∫
d4k
(2π)4
θμνθκλ
×
[
a˜α(−k)a˜κ (k)
(
−1
6
gνλm
2k2kμkα
)
+ a˜α(−k)a˜ρ(k)
(
1
6
gαρ gνλm
2k2kμkκ
)
− a˜ν(−k)a˜λ(k)
(
1
6
m2k2kμkκ
)]
, (32)
Tr
[(−im−1/∂)2(−1B(1,1)i/∂)2]A.
= i
(4π)2
2

∫
d4k
(2π)4
θμνθκλ
×
[
1
3
a˜α(−k)a˜ρ(k)
(
k2gαρ − kαkρ
)
gνλm
2kμkκ
− 4
3
a˜ν(−k)a˜λ(k)
(
m2k2kμkκ
)
+ a˜ν(−k)a˜λ(k)
(
6m4kμkκ
)]
. (33)
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lows:
Tr
[(−im−1/∂)4(−1B(2,2)i/∂)]A.
= i
(4π)2
2

∫
d4k
(2π)4
θμνθκλa˜ν(−k)a˜λ(k)
(
5
2
m4kμkκ
)
, (34)
Tr
[(−im−1/∂)3(−1B(0,1)i/∂)(−1B(2,1)i/∂)]A.
= i
(4π)2
2

∫
d4k
(2π)4
θμνθκλa˜ν(−k)a˜λ(k)
(
25
2
m4kμkκ
)
. (35)
For n = 6, the divergent contributions are
Tr
[(−im−1/∂)4(−1B(1,1)i/∂)2]A.
= i
(4π)2
2

∫
d4k
(2π)4
θμνθκλa˜ν(−k)a˜λ(k)
(
9
2
m4kμkκ
)
, (36)
Tr
[(−im−1/∂)4(−1B(0,1)i/∂)(−1B(2,1)i/∂)]A.
= i
(4π)2
2

∫
d4k
(2π)4
θμνθκλa˜ν(−k)a˜λ(k)
(
3
2
m4kμkκ
)
. (37)
For n = 7,8, . . . , there is no divergent contribution. Sum up all
the divergent contributions (24)–(37), we can obtain
iΓ (1) = i
(4π)2
2

∫
d4k
(2π)4
[
a˜μ(−k)a˜ν(k)4
3
(
k2gμν − kμkν
)
+ θμνθκλ
(
− 1
60
a˜ν(−k)a˜λ(k)k4kμkκ
+ 1
24
a˜α(−k)a˜β(k)
(
k2gαβ − kαkβ
)
gνλk
2kμkκ
)]
. (38)
We can rewrite iΓ (1) in coordinate space
iΓ (1) = i
(4π)2
2

∫
d4x
[
2
3
fμν f
μν − θμνθκλ
(
1
240
fμν2 fκλ
+ 1
48
∂μ∂κ fαβ f αβ
)]
. (39)
As we have already mentioned, we want to investigate the one-
loop renormalizability of noncommutative QED at θ2-order. One
main point in this investigation is to make use of the freedom in
Seiberg–Witten map, which has been discussed in [11]. The free-
dom of Seiberg–Witten map allows ﬁeld redeﬁnitions. If Aˆ(n)μ is a
solution of Seiberg–Witten map at θn-order. Then, a gauge covari-
ant term Aˆ(n)μ of exactly θn-order can be added to Aˆ(n)μ to form
another solution
Aˆ(n)
′
μ = Aˆ(n)μ + Aˆ(n)μ . (40)
These ﬁeld redeﬁnitions yield additional terms Sa to the original
action which can be used to absorb divergences. Sa is of the form
Sa =
∫
d4x∂μ f
μνAˆ(n)ν . (41)
At θ2-order, there are four additional terms to the original action.
In momentum space, these additional terms can be expressed as∫
d4k
(2π)4
θαβθαβaμ
(
k2gμν − kμkν)k4aν, (42)∫
d4k
(2π)4
θαβθμνaμkνk
4kβaα, (43)∫
d4k
(2π)4
(
θ2
)αβ(
aμk
4kαkβa
μ − aμkμk2kαkβkνaν
)
, (44)
∫
d4k
(2π)4
[(
θ2
)αβ
aαk
6aβ +
(
θ2
)αβ
aμk
μk2kαkβk
νaν
− 2(θ2)αβaαkβk4kμaμ]. (45)
It is easy to check that the θ2-order divergent contributions in (39)
are of the forms (43) and (44). So the gauge ﬁeld propagators are
one-loop renormalizable at θ2-order in noncommutative QED with
massive matter ﬁelds.
4. Conclusion
In this Letter, we investigate the renormalizability of gauge ﬁeld
propagators at θ2 order in noncommutative QED. We expand the
noncommutative QED action to θ2 order. Using the background
ﬁeld method, we calculate the one loop divergent contributions of
the fermion ﬁelds to the U(1) gauge ﬁeld propagators.
We have proved that the gauge propagators are renormalizable
at θ2 order no matter whether the fermions are massive or mass-
less. If we only consider contributions from action of θ -order as
that in Ref. [12], there are non-renormalizable gauge ﬁeld diver-
gent terms of θ2-order when the fermion is massive.
From this result, we have more conﬁdence in extrapolating that
the gauge propagators are one loop renormalizable to all order in
θ in noncommutative QED. In order to prove renormalizability at
θn order, we should expand the action to θn and calculate effective
action to θn order, of course, this is not an easy work.
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